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Chiu-c_hang Su-an-sh.u 3+ 2X, + X, = 39
(9 kapitol o aritmetice)
2% + 33X, + X,=34

200 let pred nasim letopoctem X, + 2%, + 3% =26

3 21 39| 3 2 1 39| 3 2 1
2 3 1| 34|r,-2r,~|0 § ! 8 ~|0 & 1
1 2 3| 26jr,—3 |0 5 3 | 13|p-%'r, |0 0 %




ap X+ -t aX, :bl

A=A symetricka
a X+ - +a. X =b
A, oA, X'AX>0 pro x=#0 positivne definitni
A=| : : D= [aij]’
L oG] X' Ax >0 positivng semidefinitni
Xl bl
x=|:|=[x] b= b = [0;] li-j>b=a;=0 pasova
Xn n

a; =0 promnoho 1, fidka
Ax=Db



Pracnost finitniho feseni obecné soustavy

Krok Gaussovy eliminace

3 21 3 21 :
2 3 1 I‘z—%rlz 0 % % %
1 2 3|—3n |0 3§ 3] E
Uprava matice celkem

(N-1)°+(n-2)>+ --- +2°+1° nasobeni

“x2dx < kzdx k? = j "k2dx < k+1x dx,

k-1

L(n-1)° =j0 x2dx < (N =1)% + (n - 2)? +---+22+12£fx2dx:%n3—1

= slozitost Gaussovy eliminace je O(n%),
n=10" = 10 operacf



Pracnost finitniho reseni velké soustavy

Gaussova eliminace
n=10"%

10" operaci 1sec

(1012 )3 =10* operaci 10"sec~3x10" let Bilion rovnic => desitky miliard let

Determinanty
n=100

100!> 10 nasobenil Sto rovnic => vécénost
(Inn!'=~ninn—-n)



Ax=b, A=A", x'AX>0 pro x#o

Ax=b < f(X)<f(y), yeR"

f(x)= %XTAX—bTX,

f(x+d)- f(x):%(x+d)TA(x+d)—bT (X+d)—(;XTAX—bTXJ

= (Ax-b)"d +%dTAd =Vf(x)'d +%dTV2 f(x)d

(Ax—-b)'d>0, deR" & Ax-b=o0



Iteracni metody v R

Soucet geometrické rady:

1+9+9°+ - +0°=

Pro gq=1-4, 4e€(0]]
1+Q-AD)+A-2)°+ - +@1-D)=a"'-a-1)"1"

Aproximace reseni:
AX=Db
R=Ab=b+@-D)b+1-A)°b+ - +(@-A)b+rb, r =—(1-21)1"

Iteracni metoda:
X" =b

XK= (1= A)x* +b=b+(1-Db+@A-2)2b+ - +(L-2)*Db,
| X“=%=rb|, r=-1-2)"2"




Spektralni rozklad SPS matice

Spektralni rozklad:
Pro A SPSplati

A 0
A=UAU"| A= - o uUu”
0 Ay |
Identity:
A = UAKUT Al =UAUT

1=UIU"  (1-A)f=U(l-A"U"



Ax=b < UAU'x=UU'b, A €(0]]
U'. , c=U'b, y=U'x:
Ay=Cc & Ay, =c, 1=1--n

y'=c
yk+1 _ (I _A)yk ie
v =9]=Rcls R ==(1-A)"A%, [q = 3% =x"x

c=U"b, x*=Uy¥,
Uy*'=U(I-A)UTUy* +UU'D = x"=Db, x*'=(1-A)x"+Db

[ ~g]=[Rbl, Ry =1 =AY A Ry < (L i) A [:a—z«l i, Kj]

min



Optimalita prostych iteraci

Necht je dana tfida matic & se stejnomérné omezenym cislem podminénosti a po¢tem
nenulovych prvkd @; # 0 na Fadku,

Aeax = 1<xk(A)<LC

Potom z relaci

< —%| =[R,b

. |IReb|| < @-x) " x|b|| < @-C ) C|p|

plyne, ze pocet iteraci k ktery je treba k ziskani pfiblizného reseni je stejnomérné omezeny,
takze

cena priblizného reseni je primo umeéerna poctu neznamych n



Modelova uloha a rozlozeni oblasti
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_ 2?152 =f, xeQ, U(X)=O, Xel
Q=(O;L)d, de{,2,3}
d=1. —-u"=f, xe(0,1), u(0)=u@)=0
Rozlozeni oblasti (d=2):
h ~H,
I 1 | 2
Q 110
Q rézi 2

A A A
F \ A A / Vt i
3 4

A A AA
YVVYY




Nova myslenka?
H.A. Schwarz — prvni prace o DDM (1869)




u"(xj);h—l2 (u(xj—h)—2u(xj)+u(xj+h))=h—12(uj1—2uj+uj+1), f(x;)=f,

)= F(x) o =(u,-2u4u,)=f, j=2-n-1 o Au=f

h2
2 -1 - h\l
-1 2 -1 5 0 2 -1 ] j+1 \!
A:i fo| : | o—e———e—e—-o I
h2 : Q
-1 2 -1 _fn_l_

Au=Ff < fU)< f(V),

f(V)=%VTAV—fTV



Diskretizace s TFETI rozloZzenim oblasti pro d=1

1 j j*+1
) e —

® ®
(1 -1 ] 1 i j+1 ]
(A ] -1 2 -1 1]
A= , A= , Ae=o0, e=|:|, B= 1 -1
] A, -1 2 -1 1 1
- _1 1_ - -
Rozlozeny problém:
. uj=u,, < lu;+(-1u,=0 < b'u=0,
f(0) = min f (u), f(u):guTAu—fTu u=0 <o lu,=0 < b'u=0,




Matice B pro d=2

it u =u, u,=u
—® ol - ' J m P B
: Me-e | U =u =
Ek. o - k |




f(0) = min f (u), f(u)=%uTAu—fTu, A SPS,  Vf(u)=Au-f

f(ﬂ)zgni_nf(u) < existuje A tak, ze
Tllul |b
Al-b+B'A=0, tedy {A B M }:{ }
B O |lA 0

f(O+d)—f(@)=VFf(X)'d>0 promald deKerB, tedy (Ax—b) e KerB*
deKerB < z'Bd=(B'z)'d=0 provsechna z,tedy
KerB LImB'" a KerB'=ImB'



Zobecnéné inverze a reseni konsistentnich soustav

Inverzni matice:
Ax=f A SPD = x=A'

Ax=f A SPS, felmA, tedy f=Ah
Coplatipro A" aby x=A"f?

Zobecnéna inverzni matice:

AATA=A

AX=AAT=AA"Ah=Ah=f
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T1lu b
A B H }:{ } < Au-b+B'A=0 a Bu=o0
B O ||l A 0

Au-b+B'A=0 < Au=b-B')r
u=A'(b-B"A)+Ra, b-B'ielmA

A" = S , R= .|, e=|:]|, AR




Redukce na hranici

Algebraicky zapis inkluze:
b-B'AcImA < b-B'ALKerA,
tedy R'(b-B'A)=—R'B'A+Rb=0

Pripustné u implikuje podminku na lambda:

Bu=B(A'(b-B"A)+ Ra)=-BA'B"A+BRa+BA'b =0

ozna¢eni |F G x_d
N G Olal| |e

Sedlobodova uloha na hranici:

BA'B' -BR||[%| |BA'D
-R'B'A O |la| |-Rb




a

{ }P} {} & L=arg gll_n a(r), 6(1)

Q= G GGTG Q°=Q, P=1-Q, P*=P,
KerG

1

A =P arg min 9(Pp) Pu *
PFPp = Pd

=—AFA—-d"A
2
ImP = KerG
u
I ImG



K(A)=1/h*> (pro n=10",s=20000: i(A)~10%)

K(F)=«k(A,)~H?/h*>  (pro n=10"%s=20000: K(A)=~ 2.5x10°)

K(F)=x(S,)*H/h  (pro n=10",s=20000: x(A)~5x10?)

/?(BSBTF)zlJr logH /h (pro n=10",s=20000: i(A)~10)






Jak to funguje doopravdy?

Weak Scalability Test

Up to 223 billion DOF on 17576 compute nodes (281 216 cores)
Heat transfer (Laplace equation)

® FETI preprocessing [s] = HTFETI preprocessing [s] “ OG Solverruntime [s]
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Strong Scalability Test

Heat transfer 20 billion DOF on up to 17 576 Compute Nodes (281 216 cores)

@
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Autofi T. Brzobohaty, L. Riha, Markopoulos, ... NSC IT4l, software ESPRESSO



Automatickeé rozlozeni oblasti

Autor T. Brzobohaty, NSC Ostrava



* Prvni potencialné paralelni algoritmus navrhl Schwarz v r. 1869

* Prvni algoritmus s linearni slozitosti (multigrid) publikoval Fedorenko v
r. 1964, vyznam nedocenil

* Nezavisle byla rozpracovana varianta multigridu Janasem a Weissem z
VVUU Radvanice kolem r. 1975, aplikace v hornictvi

* FETI navrhl C. Farhat, publikace 1991, analyza Mandel 1994
 TFETI (KAM) pochazi zr. 2005

* Vyzkum metod rozloZeni oblasti na VSB, zejména TFETI a adaptace na
kontaktni ulohy mechaniky, byl dulezity pro vznik NSC-IT4|

* Prednaska je zalozena na c¢lanku, ktery vyjde v PMFA




