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Chvalme kolmost
|—Ortogona'ln|' projekce v R™.

Symbolem R", kde n € N, zna&ime mnoZinu viech usporddanych n-tic redlnych
¢isel. Prvky R" zapisujeme ve tvaru

x=(x1, %, ... %), ¥ = (V1. Y201 ¥Yn) - .

Definujme nyni v R” nésledujici operace (x,y € R", a € R):

x+yi= (x1+y1, X+ Y2, ..., Xa + Yn),

ax = (axy, axy, ..., aX,)

(neni t&zké prokdzat, Ze spolu s t&mito operacemi tvo¥i R" vektorovy prostor);

(x,y) =x1 +x2y2+ -+ XoYn ... skaldrni soudin,

x|l :== v/(x,x) = \/X12 +x2+ -+ x2 ... norma,

(I =yl = Va =37 T G =P ¥ G = 3P

... vzdalenost vektor( x a y).



Chvalme kolmost
|—Ortogona'lm' projekce v R".

Pokud
(x,y) =0,

fikdme, Ze vektory x a y jsou na sebe kolmé (ortogonlini).

Priklad 1

Bud'te
x=(1,8) €R? p={(x,y) €R*: y =5x}.

Najdéte Px € p tak, aby

[[x = Px]| = min |Ix — y]],
yep

a urete ||x — Px|| = dist (x, p).

Zvolme 1
e =—(1,5
1 \/%( )

(e1 je smé&rovym vektorem p¥mky p a plati ||e;]| = 1).



Pak
p={aer: aeR}

a protoZe pro kazdé y = ae; € p plati

Ix = ylI? = (x =y, x — y) = (x — aer,x — ae)) =
=(x,x) —2a(x, e) +a? (e, e1) £ (x, ) =
=1
= (x,x) = (x, &1)* + (a — (x, el))2 ... nejmendi pro a = (x, e1),
je
o Px=(x ea)e, [Px]|=+/(x &) =|[(x e)l,
o pro kazdé y = ae; € p
(x=Px,y)=(x—(x,e1)e1, ae1) = a(x, e1) — a(x, e1) (e1, &) =0,
——
=1

o |Ix — Px||?> = ||x||> = ||Px||* ... Pythagorova véta.



V naSem pfipadé

1
x=(1,8), ¢ = —(1,5),
a proto
41 1 1

Px =(x,e1)e1 = ———=(1,5 1,5),
41 \2 9
. 2 2 2 _ep .
o= PP = Il = P2 = 65 = ()" = 5.

coZ znamena, Ze
l[x = Px][| =

[e)}



Priklad 2

Bud'te
x=1(1,23)eR3 o={(x,y,2) eR®: x+2y+z=0}

Najdéte Px € o tak, aby

l[x = Px|[ = min [lx =y,
ye€o

a urete ||x — Px|| = dist (x, o).

Zvolme 1 )
ee=—7=(10-1), & =—74(-1,1,-1
1 \/5( ) \/5( )
(e1, e jsou smérové vektory roviny o a plati ||e1]| = ||le2]| = 1, (e1, &2) = 0).
Pak

o={ae + fe: a,p R}



a uplné analogicky jako v pfedchozim p¥ipadé Ize dokazat, Ze

o Px=(x,e1)er + (x, &)e, ||Px|?=(x,e1)?+ (x, &)
o pro kazdé y € o je (x — Px,y) =0,

o [bx = Px[|? = [Ix]|* = [IPx]]*.

V nasem pfipadé

1 1
x=1(1,2,3), e = —(1,0,-1), =—(-11,-1
a proto
2 2 1 25
P = — — —_— = _ =, — =, —
x=-pa-pe (333

4 32
e = P = x| = 1Px? = 14— 2+ 3) = 5,

coZ znamena, Ze

2
— Px|| = 4/ =.
e~ Pl =4/



Symbolem C([0, 1]) zna&me mnoZinu vdech spojitych funkci na intervalu [0, 1].
Definujme nyni v C([0, 1]) nasledujici operace (f, g € C([0,1]), @ € R):

f+geC([0.1]) (f+g)x) = f(x)+egx)
af € C([0,1]), (af)(x) := af(x)

(s t&mito operacemi tvo¥i C([0, 1]) vektorovy prostor);

(f.g): /f(x (x)dx ... skaldrni soutin,

Ifll == /(f, F) f2(x .. norma,

(||f gl = \/fol (f(x) - g(x))zdx ... vzdalenost funkci f a g).



Bud'te
f(x) =x3—2x* +x—-2¢€ C([0,1]), p={ax: a € R} c C([0,1]).
Najd&te Pf € p tak, aby

f — Pf|| = min||f — g].
I II= min [|f — gl

Zvolme

er(x) == V3x

1
(e1 € p a plati ||| = / 3x2dx = 1).
0



Pak
p={ae;: a R}

a plati
o Pf=(f e)e, ||Pfll = /(f. e)?=|(Ff.e)l,
o pro kazdé g = ae; € pje (f — Pf,g) =0,
o |If = PfII? = |If]|* — [|Pf]]>.

V nasem pfipadé
f(x):=x3—2x2 4+ x—2, e(x) :=V3x,

a proto
29
Pf(X) = —1—0X.



f(x):= 3= 2x% 4 x =2, Pf(x) := —%X.

5
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|—Ortogona'lm' projekce v C([0, 1]).

Priklad 4
Bud'te

f(x) := x*sin(3x) € C([0,1]), 0 = {a+ bx+cx*: a,b,c e R} c C([0,1]).
Najdéte Pf € o tak, aby

If — Pf]| = min [|f — g]|.
geo

Zvolme e1(x) :=1, ex(x) := 2v/3x — /3, e3(x) = 6v/5x2 — 6v5x + /5
(€1, &2, s € o aplati || = [le2 = [les]| =1, (e;, ) =0 pro i # ).
Pak

o={ae;+PBer+ve: o f,7 €R}

a plati
Pf = (f,e1)er + (f, e)ex + (f, e3)es.



V naSem pfipadé

f(x) = x?sin(3x), Pf(x):=—0,134+1,1x —0,63x°.




Definujme nyni v C([0, 2]) skaldrni soutin

(fg) = /0 " F(0g(x) dx

Il == V) = / " f2(x) dx.

Pak lze za ortonormalni prvky

e, e, 6, ... €C([0,2n])

a hormu

volit funkce
\/ﬂ \/_ Cos X, \/_ sin x, \/_ cos(2x), \/177 sin(2x), \/_ cos(3x), \/17? sin(3x),



.. a |ze dokdzat, %e pro kaZdou funkci f € C([0, 27]) plati

f(x) = Z(f en)en(x) = + Z an cos(nx) + by sin(nx)),
n=1 n=1
kde
1 2m
ap=— / f(x) cos(nx) dx
T Jo
1 2m
b, = —/ f(x) sin(nx) dx.
T Jo
Takze

N
+ Z an cos(nx) + by sin(nx))=: fy(x).

n=1

f(x) =



f(x):= 150 X3 (x —2m)3(x — 1)2sin(3x), fo(x) := ...,




6
f(x) == 75" (x = 2m)*(x = 1)?sin(3x) = —° +> " (ancos(nx) + bysin(nx)).

f~[-01,-0,71;-0,1;1,74;2,38;0;, —4,43; —1,74,2,38;0,68; -0, 11;0, 1; —0, 03]
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